
Çàäà÷è ïîâûøåííîé ñëîæíîñòè � ñåìèíàð � Ä 1 � 3

1. Çàíÿòèå 3

� 1. Ïîëüçóÿñü ïîêàçàòåëüíîé ôîðìîé çàïèñè êîìïëåêñíîãî ÷èñëà

z = |z| · ei arg z,

ïîêàçàòü ñïðàâåäëèâîñòü Ôîðìóë Ë. Ýéëåðà:

eiϕ = cosϕ+ i sinϕ,

sinϕ =
eiϕ − e−iϕ

2i
, cosϕ =

eiϕ + e−iϕ

2
;

� 2. Ïîêàçàòü ñïðàâåäëèâîñòü

à) ðàâåíñòâà |eiϕ| = 1, ϕ ∈ R;

á) îñíîâíîãî òðèãîíîìåòðè÷åñêîãî òîæäåñòâà:

sin2 α + cos2 α = 1, α ∈ R.

� 3. Äîêàçàòü ðàâåíñòâà

à) shϕ = −i sin iϕ, á) chϕ = cos iϕ.

� 4. Ñ ïîìîùüþ ôîðìóë Ýéëåðà âû÷èñëèòü ñóììó:

à) sinϕ+ sin 2ϕ+ . . .+ sinnϕ;

á) 1 + cosϕ+ cos 2ϕ+ . . .+ cosnϕ;

â) sinϕ− sin 2ϕ+ . . .+ (−1)n−1 sinnϕ;

ã) cosϕ+ cos 3ϕ+ . . .+ cos(2n− 1)ϕ.

� 5. Âî ÷òî ïðåîáðàçóåòñÿ îêðóæíîñòü |z| = 1 ïðè îòîáðàæåíèè w(z) = z
(1−z)2 ?

Óêàçàíèå: âîñïîëüçîâàòüñÿ ïîêàçàòåëüíîé ôîðìîé çàïèñè z è ôîðìóëîé Ýéëåðà.

� 6. Äëÿ îòîáðàæåíèÿ

w(z) = ez = ex(cos y + i sin y)

íàéòè îáðàçû ëèíèé x = c, y = c, y = x.
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Çàäà÷è ïîâûøåííîé ñëîæíîñòè � ñåìèíàð � Ä 1 � 3

2. Îòâåòû

� 4.

à)
sin

(n+ 1)ϕ

2
· sin nϕ

2

sin
ϕ

2

;

á)
sin

(n+ 1)ϕ

2
· cos

nϕ

2

sin
ϕ

2

;

â) Åñëè n = 2k− ÷¼òíîå ÷èñëî, òî
sin

(n+ 1)ϕ

2
· cos

nϕ

2

cos
ϕ

2

,

Åñëè n = 2k + 1− íå÷¼òíîå ÷èñëî, òî −
cos

(n+ 1)ϕ

2
· sin nϕ

2

cos
ϕ

2

.

� 5. Â ïîëóïðÿìóþ, èäóùóþ ïî îòðèöàòåëüíîé ÷àñòè äåéñòâèòåëüíîé îñè
èç òî÷êè w = − 1

4
â (−∞).

� 6. Åñëè w = ρeiθ, òî

x = c ïåðåéä¼ò â îêðóæíîñòü ρ = ec;

y = c ïåðåéä¼ò â ïîëóïðÿìóþ θ = c;

y = x ïåðåéä¼ò â ñïèðàëü ρ = ec.
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Çàäà÷è ïîâûøåííîé ñëîæíîñòè � ñåìèíàð � Ä 1 � 4

3. Çàíÿòèå 4

Ôîðìóëû Ë. Ýéëåðà
èìåþò ìåñòî è äëÿ âñåõ êîìïëåñêíûõ ÷èñåë (íå òîëüêî äëÿ ϕ ∈ R):

eiz = cos z + i sin z,

sin z =
eiz − e−iz

2i
, cos z =

eiz + e−iz

2
.

� 1. Íàéòè âñå òàêèå z, ÷òî âûïîíåíî ðàâåíñòâî w = ez. Ôóíêöèÿ, ñòàâÿùàÿ êàæäîìó
w âñå òàêèå z, îáîçíà÷àåòñÿ z = Ln w.

Âîçâåäåíèå êîìïëåêñíîãî ÷èñëà â êîìïëåêñíóþ ñòåïåíü îñó-

ùåñòâëÿåòñÿ ïî çàêîíó:

zz21 = ez2Ln z1.

� 2. Äîêàçàòü, ÷òî ôóíêöèÿ za+ib, ãäå a, b ∈ R, ÿâëÿåòñÿ

à) îäíîçíà÷íîé òîëüêî ïðè a ∈ Z, b = 0;

á) êîíå÷íîçíà÷íîé òîëüêî ïðè a ∈ Q, b = 0.

� 3. Íàéòè:

à) ii, á) 2i, â) 1
√

2, ã) (1 + i)1−i, ä)
3
√

8.

� 4. Íàéòè:
à) cos(2 + i), á) sin(2007 + 2008i).

� 5. Íàéòè âñå z, òàêèå ÷òî:

à) sin z = i, á) cos z = 2;

â) sin z = w, ã) cos z = w.
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Çàäà÷è ïîâûøåííîé ñëîæíîñòè � ñåìèíàð � Ä 1 � 4

4. Îòâåòû

� 1. Ln w = ln |w|+ i argw + 2πki, k ∈ Z.

� 3.
à) ii = e−

π
2
+2πn, n ∈ Z;

á) 2i = e2πn
(
cos ln 2 + i sin ln 2

)
, n ∈ Z;

â) 1
√

2 = cos
(
2πk
√

2
)

+ i sin
(
2πk
√

2
)
;

ã) (1 + i)1−i =
√

2 e
π
4
+2πk ·

(
cos
(
π
4
− ln
√

2
)

+ i sin
(
π
4
− ln
√

2
))

;

ä) 3
√

8 =


2, k = 0, ±3, ±6, . . . ;

−1 + i
√

3, k = 1, 1± 3, . . . ;

−1− i
√

3, k = 2, 2± 3, . . . .

� 4.
à) cos(2 + i) = ch 1 cos 2− i sh 1 sin 2;

á) sin(2007 + 2008i) = sin 2007 ch 2008 + i cos 2007 sh 2008.

� 5.
à) 2πk − i ln

(√
2− 1

)
, π(2k + 1)− i ln

(√
2 + 1

)
;

á) z = Arccos 2 = 2πk ± i ln
(
2 +
√

3
)
;

â) z = Arcsin w = −iLn

[
i
(
z ±
√
z2 − 1

)]
;

ã) z = Arccos w = −iLn
(
z ±
√
z2 − 1

)
.
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